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a b s t r a c t
A ring R is called a right weakly V-ring (briefly, a right WV-ring) if every simple right
R-module is X-injective, where X is any cyclic right R-module with XR  RR. In this note,
we study the structure of right WV-rings R and show that, if R is not a right V-ring, then
R has exactly three distinct ideals, 0 ⊂ J ⊂ R, where J is a nilpotent minimal right ideal
of R such that R/J is a simple right V-domain. In this case, if we assume additionally that
RJ is finitely generated, then R is left Artinian and right uniserial with composition length
2. We also show that a strictly right WV-ring with Jacobson radical J is a Frobenius local
ring if and only if the injective hull of JR is uniserial. Some other results are obtained in the
connection with the Noetherian property of right WV-rings and related rings.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
A ring R is called a right V-ring if every simple right R-module is injective. V-rings are named after Villamayor, who
first studied them, and who has shown that these rings are characterized by the property that every right module has zero
Jacobson radical or, equivalently, that every right ideal is an intersection of maximal right ideals (see, e.g., [14, 7.32A]).
Due to these and other interesting properties, V-rings have drawn much attention from researchers since their inception.
For instance, Kaplansky showed that a commutative ring is von Neumann regular if and only if it is a V-ring (see, e.g., [14,
(7.32B)]). This is, however, not true for non-commutative rings; in fact, there are right and left Noetherian V-rings that are
not von Neumann regular (see [5] or [6]). So, in the noncommutative case, V-rings have become very interesting objects
for researchers to investigate.1 Other examples of insights into the structure of V-rings include the following: it was shown
in [29] that the center Z(R) of a right V-ring R is a V-ring, and hence R becomes an algebra over the von Neumann regular
ring Z(R); it was proved in [14, (7.36A)] that a semiprime right Goldie right V-ring is a direct sum of simple rings; and it was
recently shown in [18], without any finiteness assumption, that a right V-domain is a simple ring. For more information on
V-rings, see, e.g., [25,22,26,18,33,37].
At the same time, while researchers continue to make progress unraveling the structure of V-rings, rings of this type
continue appearing as a natural object in other contexts. For example, V-rings surface when one studies rings over which
quasi-injective right modules are injective (right QI-rings [15, 7.39–7.43]) or right PCI-rings (rings R over which cyclic right
modules are either isomorphic to RR or injective, see [12,7] or [6]); or right SI-rings [16] (rings over which singular right
modules are injective). In particular, by [16, 3.11], a right nonsingular right SI-ring with zero right socle is the direct sum of
right Noetherian right hereditary simple rings. These types of rings are automatically right V-rings and, therefore, they are
simple rings whenever they are prime. There are two well-known conjectures pertaining to these families of rings. The first
conjecture, commonly referred to as Boyle’s Conjecture (see [15, 3.9C] or [13]), states that a right QI-ring is right hereditary.
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The second one is called the left-right symmetry conjecture of PCI-domains, and it states simply that a right PCI-domainmust
also be left PCI. As the first step of proving these conjectures, people try to see if these simple rings are left V-rings and then
proceed from there. Simple rings are interesting objects of study with a vast literature about them; this is especially true of
simple Noetherian rings (see [11,38,5,6,34,32,35,36,7,21,19,23,3,4], amongst others). Dealingwith simple rings is not as easy
a task as it may sound. Using only one-sided ideals to get deep results on simple rings is usually difficult. Success in this area
necessitates the introduction of new techniques and tools, and this would make ring theory develop beautifully. Therefore,
besides the above-mentioned conjectures, there aremany open questions about simple rings. For example, Faith [14, (8.28A,
8.28B)] listed nine conjectures on simple rings; some of them relate to V-rings.
On the other hand, when discussing the projectivity of modules over prime hereditary Noetherian rings R, we see that,
unlike injectivity, over such rings R, R-projectivity may not imply the projectivity in Mod-R. However, we were able to
show that if, in addition, the ring R is a right V-ring, then a right R-module P is projective if and only if P is R-projective
(see our recent work [8]). Hence the V-condition makes prime right hereditary right Noetherian rings behave so nicely that
they become ‘‘test-rings’’ for the projectivity in the category of their modules (just like all rings do for injectivity on their
modules).
Holston, Jain, and Leroy [18] introduced a generalization of V-rings using the so-called proper cyclic modules, and called
these rings weakly V-rings. A cyclic right R-module is called proper cyclic if XR  RR. A ring R is defined to be a right weakly
V-ring (briefly, a right WV-ring), if every simple right R-module is injective relative to proper cyclic right R-modules. They
show, among others, that a rightWV-ring Rwhich is not a right V-ring is right uniform. In this paper, wewill call such a ring a
strictly rightWV-ring, and continue to investigate its structure. If the Jacobson radical of such a ring R is J , thenwe show that
J is the smallest right ideal of R and that R/J is a simple right V-domain. We also give necessary and sufficient conditions for
a strictly right WV-ring to be a Frobenius local ring. Working with a concept connecting to the proper cyclic modules leads
us to a new unresolved question about simple V-domains. Namely, it is not known if there exists a right V-domain D that
is not a division ring over which there is a D-bimodule C such that CD is simple. If the answer to this question is negative,
then from our Theorem 4 it would follow that a ring R is a strictly right WV-ring if and only if R is a right uniserial ring
with composition length 2. On the other hand, if the answer is affirmative, then we can describe all strictly right WV-rings
using simple right V-domains and a certain bimodule associated with them (see the discussion in Remark 8). In this case, DC
must be infinitely generated by Theorem 4. It would be interesting to consider this question for right PCI-domains. It may
have some relation to the left–right symmetric conjecture of PCI-domains mentioned above. All this makes us hope that our
question would generate interest among ring theorists. In the last section of this note we give a condition for rightWV-rings
to be right Noetherian. The results obtained in this part significantly improve those in Section 3 of [18].
Throughout this note, we consider associative rings Rwith identity 1 ≠ 0, and all R-modules are unitary modules. Let R
be a ring. For a right R-moduleM , we denote by σ [M] the full subcategory of Mod-Rwhose objects are exactly submodules
of M-generated modules (see [29]). For a module M , MR (RM) means that M is a right (respectively, left) R-module. For a
subset A ⊆ R, we denote by r.annR(A) the right annihilator of A in R, i.e., r.annR(A) = {x ∈ R|Ax = 0}. The left annihilator of
A in R, denoted by l.annR(A), is defined similarly. For any module A, we denote by Soc(A) and J(A) the socle and the Jacobson
radical of A, respectively. The injective hull of A is denoted by E(A).
For all the notion not defined here we refer to the texts [1,6,9,14,15,17,28,31,39].
2. Structure of strictly WV-rings
A right R-moduleM is called a V-module if every simplemodule S ∈ σ [M] isM-injective, i.e., for each submodule A ⊆ M ,
any homomorphism f : AR → SR can be extended to a homomorphism f ∗ : MR → SR. If a simple module T /∈ σ [M], then,
for any nonzero submodule N of M , there is no nonzero homomorphism N → T . Hence we can say that a module M is a
V-module if every simple module in the category MOD-R is M-injective.
ForM = R, we obtain the known definition of V-rings. A ring R is a right V-ring if every simple right R-module is injective.
For basic properties of V-rings, we refer to [29].
Let R be an arbitrary ring. A cyclic right R-module X is called a proper cyclic module if XR  RR. For the study of rings over
which proper cyclic modules are injective or quasi-injective, we refer to [14,6,21,27]. Recently, using the concept of proper
cyclic modules, Holston, Jain, and Leroy [18] defined a generalization of V-rings: A ring R is called a right weakly V-ring
(briefly, right WV-ring) if every simple right R-module is injective relative to proper cyclic right R-modules. Left WV-rings
are defined similarly. Using the concept of V-modules, this definition is equivalent to saying that a ring R is a right (left)
WV-ring if every proper cyclic right (left) R-module is a V-module. If R is a right (left) WV-ring which is not right V, then we
say that R is a strictly right (left) WV-ring.
The following result is known (see, e.g., [39, 33.1]); its proof is similar to those in [29] for right V-rings.
Lemma 1. For a right R-module M, the following conditions are equivalent.
(a) M is a V-module.
(b) Every submodule N of M with N ≠ M is the intersection of maximal submodules of M.
(c) For any module A ∈ σ [M], J(A) = 0.
Let R be a right V-ring. Then it is easy to see that every right R-module is a V-module. Moreover, for any right ideal A ⊆ R,
A2 = A. Using this, a nice result was obtained in [18] which is useful in our investigation.
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Lemma 2 ([18]). If D is a right V-domain, then D is a simple ring, i.e., D has only two distinct two-sided ideals.
Note that an interesting result of Faith [14, 7.36A] says that a right Goldie right V-ring is the ring-direct sum of simple
rings. As an easy consequence from this it follows that every right Ore right V-domain is simple. But it is interesting that, in
Lemma 2, D does not need to be a right Ore domain. Recently, Professor Carl Faith brought the attention to the authors that
the conclusion of Lemma 2 was obtained earlier in [6, Prop. 5.18].
Lemma 3 ([18]). Let R be a right WV-ring. If R is not a right V-ring, then RR is uniform.
A moduleMR is uniserial if the set of submodules ofM is linearly ordered by inclusion. A ring R is right (left) uniserial if
RR (respectively, RR) is uniserial. The structure of a strictly right WV-ring R is described in the following theorem.
Theorem 4. Let R be a strictly right WV-ring with Jacobson radical J . Set R = R/J, S = EndR(JR). Then R has the following
properties.
(I) R has exactly three distinct two-sided ideals 0 ⊂ J ⊂ R such that J is a minimal right ideal of R and R/J is a simple right
V-domain. For any nonzero elements x, y ∈ J ,
Rx ∼= Ry ∼= RR.
Moreover, the mapping λ : r → λr ,∀ r ∈ R, is a ring embedding R → S, where λr ∈ S is defined by λr : x → rx for ∀ x ∈ J .
(II) R is left Artinian and right uniserial of composition length 2 if and only if RJ is finitely generated.
(III) RR is uniserial of composition length 2 if and only if R has ACC on left annihilators.
(IV) The following conditions are equivalent.
(i) The injective hull E(JR) of the minimal right ideal J is a uniserial module.
(ii) R is a strictly left WV-ring.
(iii) The monomorphism λ in (I) is an isomorphism.
(iv) R is a Frobenius local ring.
Proof. Let R be a strictly right WV-ring, and let J be its Jacobson radical.
(I) By [18, Corollary 4], we have J ≠ 0. Let A be a nonzero submodule of JR. As a right ideal of R being contained in J , A
cannot be a direct summand of RR, and we see that the factor module (R/A)R is not isomorphic to RR, i.e., (R/A)R is a proper
cyclic right R-module. Hence, by the definition, (R/A)R is a V-module. Therefore, as the Jacobson radical of (R/A)R, J/A must
be zero (see Lemma 1), i.e., J = A. This shows that JR is a minimal submodule of RR. Further, as JR cannot be a direct summand
of RR, it holds that J2 = 0.
Moreover, by Lemma 3, every nonzero right ideal of R contains J . Let x ∈ R, with x /∈ J . Set R := R/J . Then x ≠ 0.
If xR  RR, then, as J is contained in xR, we can show that xR  RR. Namely, if there is an isomorphism ψ : RR → xR, then,
in particular, ψ(J) = J , because J is the only minimal submodule of RR and xRR. The mapping ψ∗ : r → ψ(xr) + J is a
homomorphism of RR onto xR/J , with Ker(ψ∗) = J . Thus R/J ∼= xR/J , a contradiction. This means xR is a proper cyclic right
R-module, and so (by definition) J is xR-injective. Hence J splits in xRR, a contradiction to Lemma 3. Thus xR ∼= RR. From here,
RR = P ⊕ Q , where P ∼= xR and Q = r.annR(x). If Q ≠ 0, then it is generated by a nonzero idempotent e ∈ R. Since J is
nilpotent, there is an idempotent f ∈ Rwith f ∈ e. In particular, f ≠ 0, f ≠ 1. This is a contradiction, because RR is uniform.
Hence we have shown that every nonzero element in R has zero right annihilator in R; this means that R is a domain. As
R is a right V-ring, R is a simple ring, by Lemma 2.
Let 0 ≠ x ∈ J . Hence xR = J , and therefore the left annihilator l.annR(x) of x in R is an ideal of R. It follows that
l.annR(x) = J . Thus RRx ∼= R(R/J).
Since J2 = 0, J is a left (right) R-module. Then, for any s ∈ R, we define a mapping λs : x → sx,∀x ∈ J . Obviously, λs is
an endomorphism of JR. Since the set {s ∈ R | sJ = 0} is an ideal of R, and R is a simple ring, {s ∈ R | sJ = 0} is equal to either
the whole ring R or 0. But, as J is a unitary left R-module, we must have {s ∈ R | sJ = 0} = 0. Hence we can easily check that
the mapping s → λs is an embedding of the ring R into the endomorphism ring S = EndR(JR). Moreover, as JR is a simple
module, S is a division ring.
(II) One direction is clear. Now, assume that RJ is finitely generated, say RJ = Rx1 + · · · + Rxk, for some positive integer
k, where 0 ≠ xi ∈ J for 1 ≤ i ≤ k. Then the right annihilator of J in R is
r.annR(J) =
k
i=1
r.annR(xi).
The mapping ϕ : r → (x1r, x2r, . . . , xkr) is an R-homomorphism of R into the right R-module x1R ⊕ · · · ⊕ xkR which
is isomorphic to Jk, the direct sum of k copies of J . But, as a nonzero two-sided ideal of R, r.annR(J) = J , and, since Jk is
a semisimple right R-module, R/J is semisimple. Moreover, by (I), R/J is a domain, and hence a domain with finite right
uniform dimension. It follows that the right uniform dimension of R/J is 1, i.e., (R/J)R is a simple module. Hence R/J is a
division ring. By (I), RR is uniserial of composition length 2. As J is also a left R-module and finitely generated, RJ is Artinian,
and so is RR.
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(III) Assume that R has ACC on left annihilators. By [28, 6.57], R has DCC on right annihilators. For nonzero elements
x1, x2, x3, . . . ∈ J , if we have a strictly descending chain of right annihilators,
r.annR(x1) ⊃ r.annR(x1, x2) ⊃ r.annR(x1, x2, x3) ⊃ · · · ⊃ r.annR(x1, . . . , xn) ⊃ · · · ,
then, by our assumption, there is a positive integerm such that this descending chain terminates afterm steps; this means
that r.annR(x1, . . . , xm) is the minimal annihilator constructed in this way, i.e.,
∀ 0 ≠ y ∈ J \ {x1, . . . , xm}, r.annR(x1, . . . , xm) = r.annR(x1, . . . , xm, y).
Thus r.annR(x1, . . . , xm) = r.annR(J) ⊇ J , and so r.annR(x1, . . . , xm) = J , because R/J is a simple ring. Now, we can follow
the proof of (II) to see that RR is uniserial of composition length 2.
For the converse, we assume that the strictly right WV-ring R is right uniserial of composition length 2, and then prove
the statement by counting the left annihilators. First keep in mind that J2 = 0. Let x ∈ R. If x = 0, then l.annR(x) = R. If
0 ≠ x ∈ J , we have xR = J . Hence l.annR(x) is a nonzero ideal of R. It follows that l.annR(x) = J . If x ∈ R\ J , then, for ∀y ∈ R\ J ,
yx ≠ 0. If there is a 0 ≠ z ∈ J such that zx = 0, then r.annR(z) properly contains J . As R/J is a division ring, we must have
r.annR(z) = R, a contradiction. Thus, for any 0 ≠ z ∈ J , zx ≠ 0, i.e., when x ∈ R \ J , l.annR(x) = 0. We conclude that the left
annihilators in R are R, J , and 0. In particular, R has ACC on left annihilators.
(IV) First, we show (i)⇒(iv). Since JR is essential in RR, we can assume that RR ⊆ E(JR). Hence RR is also a uniserial module.
In particular, RR has only one maximal submodule. On the other hand, as JR is the intersection of maximal submodules, JR is
the only maximal submodule of RR. Hence RR is uniserial of length 2.
Set M1 = RR = M2, and consider the right R-module M = M1 ⊕ M2. Let U be a uniform closed submodule of M , i.e.,
U is uniform and has no proper essential extension in M . As M has uniform dimension 2, by [9, 5.10 (1)], M/U is uniform.
There is a summand Mi, say M1, which intersects trivially with U . Hence M1 embeds in M/U . This shows that M/U has
composition length at least 2. We know that Soc(M/U) ∼= JR, and that (M/U)/Soc(M/U) is semisimple. On the other hand,
by assumption, and from E(JR) ∼= E(M/U), we conclude that (M/U)/Soc(M/U) is a simple module. This means that M/U
has composition length 2. Hence U has composition length 2, too. As the composition length ofM is 4, we haveM = M1⊕U .
This verifies that every closed uniform submodule ofM is a direct summand ofM , and soM is an extendingmodule (see, e.g.,
[9, p. 55]). Now, we can apply [9, Lemma 7.3] to see thatM1 isM2-injective. This shows that R is a right self-injective ring. As
R is right Artinian, R is a quasi-Frobenius ring (see, e.g., [9,15] or [28]). In particular, R is a left self-injective left Artinian local
ring. Besides Soc(RR) = JR ∼= (R/J)R, now we see that Soc(RR) (= RJ) is isomorphic to R(R/J). By [28, 16.14], R is a Frobenius
ring. Thus (iv) holds.
(iv)⇒(ii) is clear.
(ii)⇒(iv). By (I), applied to strictly left WV-rings, RJ is a simple module; in particular, RJ is finitely generated. Hence,
by (II), RR is a uniserial module with exactly three distinct submodules. As R/J is a division ring, this implies that RR is
also a uniserial module with exactly three distinct submodules. In this case, again we have Soc(RR) = RJ ∼= R(R/J) and
Soc(RR) = JR ∼= (R/J)R. As above, R is a Frobenius ring.
(iv)⇒(iii). From (iv), R is right self-injective and RR is uniserial having composition length 2. By the Baer Criterion (see,
e.g., [28, 3.7]), every mapping α : JR → RR can be considered as a left multiplication by an element from R. Moreover, as J is
an ideal of R, α ∈ S. Thus the mapping λ in (I) is an isomorphism. Hence (iii) holds.
(iii)⇒(i). By (I), JR is a simple module. Hence S is a division ring. By (iii), R (= R/J) is also a division ring, i.e., R is right
uniserial of length 2. Let α be a homomorphism JR → RR; then α ∈ S. By our assumption, there is an element r ∈ R such that
α(x) = rx for ∀x ∈ J . Write r = r + J, r ∈ R; then α(x) = rx = (r + J)x = rx+ 0 = rx. Therefore, every homomorphism
JR → RR is a left multiplication by an element r ∈ R. By the Baer Criterion (see again [28, 3.7]), R is right self-injective. Hence
E(JR) = RR, a uniserial module. Thus (i) holds. 
Corollary 5. A strictly right WV-ring R with Jacobson radical J is strictly left WV if and only if RJ is a simple module. In particular,
every strictly left and right WV-ring is a Frobenius local ring with Jacobson radical square zero.
Proof. By Theorem 4(I), if RJ is simple, then R/J is a division ring. Hence R is strictly left WV, by Theorem 4(IV). The last
statement holds by Theorem 4(IV). 
From Theorem 4, it is interesting to study strictly rightWV-rings Rwhose Jacobson radical J is an infinitely generated left
R-module. We do not know if these rings exist, and the answers for the following questions are unknown.
Questions 6. (1) Is there a strictly right WV-ring R with Jacobson radical J such that RJ is infinitely generated?
(2) Let D be a simple right V-domain which is not a division ring. Is there a D-bimodule B such that BD is simple?
As observed in the proof of Theorem 4(II), in a strictly right WV-ring R with Jacobson radical J , for any a ∈ R \ J, b ∈ J ,
the equation ab = 0 implies that b = 0. This shows that J is a torsionfree left R-module, where again R := R/J . Moreover,
as JR is a simple module, aJ = J ∀a ∈ R \ J . Hence J is a torsionfree divisible left R-module. If we assume additionally that R
is a left Ore domain, then RJ is injective (see [17, Proposition 6.12]). It follows that in this case RJ is a quasi-injective module.
Note that, if J is a torsionfree right R-module, then JR ∼= (R/J)R, and this implies that RR is a uniserial module of length 2.
Corollary 7. If R is a strictly right WV-ring such that R/J is finite, then R is a finite right and left uniserial ring of composition
length 2 in each side. In particular, R is strictly left WV.
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Proof. For a strictly right WV-ring R with Jacobson radical J , assume that R/J is a finite ring. Then R/J is a simple right Ore
domain. Let Q be the classical right quotient ring of R/J . Then Q is a finite division ring, and, by a well-known theorem of
Wedderburn, Q is commutative. This implies that R/J is a commutative simple domain. Hence R/J is a field. From this and
Theorem 4(I), it follows that R/J J is a simple module. By Corollary 5, R is a finite strictly right and left WV-ring. This shows
that R is a finite strictly WV-ring which is right and left uniserial of composition length 2. 
Remarks 8. (1) From Corollary 5, we can shows that every strictly right and left WV-ring R is isomorphic to the ring of the
form 
a b
0 a

: a, b ∈ Q

,
where Q is a division ring.
(2) We feel that, in Theorem 4(I), R (= R/J) could be a right Ore domain. But Theorem 4(I) only shows that R is embedded in
the division ring S. That is not enough for what we wanted to have. We can consider R as a subring of S. Then, for getting
R to be right Ore, by [28, Exercise 20 (p. 319)], we have to show that RS is flat. However, so far, we are unable to do that.
(3) LetD be a right PCI-domain, i.e., a domain over which every proper cyclic rightD-module is injective (see [14]). ThenD is
a right hereditary, right Noetherian simple domain such that, for any nonzero right ideal A ⊂ D, D/A is semisimple (see
[14,7]). We consider the case that D is not a division ring (such a right PCI-domain exists by an example of [5]). Assume
that there is a simple right D-module E such that the ring D can be embedded in the endomorphism ring S = EndD(S).
Let ϕ be this ring embedding. We can define E to be a left D-module by setting dx = ϕ(d)x for ∀ x ∈ E, ∀ d ∈ D. In this
way, E becomes a D-bimodule, and we can show that the ring
a b
0 a

: a ∈ D, b ∈ E

is a strictly rightWV-ringwhich is not a right uniserial ring. The question is now to check if such a simple rightD-module
E exists with a ring embedding ϕ : D → S. This question is related to Question 6. If the answer to either (1) or (2) of
Question 6 were negative, then it would imply that every strictly right WV-ring is right uniserial of length 2.
(4) From Theorem 4(I) and (III), the following conditions are equivalent for a strictly right WV-ring R.
(4.1) R is a semilocal ring.
(4.2) RR is uniserial of composition length 2.
(4.3) R has ACC on left annihilators.
The equivalence (4.1)⇔ (4.2) implies [18, Proposition 5(e)].
3. When are WV-rings Noetherian?
In the last section of this note, we study conditions that make V-rings to be Noetherian. A cyclic submodule of a factor
module of M is called a cyclic subfactor of M . Recall that a module M is CS (or extending) if every submodule N ⊆ M is
essential in a direct summand N∗ ofM . For basic properties of CS-modules we refer to the text [9]. We define the following
condition.
(℘) A module M is said to satisfy condition (℘) if M = P ⊕Q , where P is projective and Q is either CS or a module with finite
uniform dimension.
In [24], it was shown that a ring R is right Noetherian if (and only if) every cyclic right R-module is a direct sum of a
projective module and a module Q , where Q is either injective or Noetherian. But here, with our condition (℘), we cannot
obtain the same result. This means that there are rings whose cyclic right modules satisfy (℘), but the rings are not right
Noetherian (for example, every ring with right Krull dimension satisfies (℘)). Therefore, we show below that some special
types of rings are Noetherian if their cyclic modules satisfy (℘).
The following useful lemma was obtained by using a similar technique developed for quasi-injective modules in [10].
Lemma 9 ([9, 9.1]). Let M be a finitely generated CS-module containing a direct sum of nonzero submodules

i∈I Ni. If
M/(

i∈I Ni) has finite uniform dimension, then the index I must be finite.
A module M is called a qfd module if every factor module of M has finite uniform dimension (see [2]). The following
lemmas are useful for our investigation.
Lemma 10 ([25]). Any qfd V-module is Noetherian.2
Lemma 11 ([9, Cor. 9.4]). Let M be a finitely generated module. If every cyclic subfactor of M is a direct sum of a CS module and
a module of finite uniform dimension, then M is a qfd module.
2 It was pointed out by the referee that the conclusion of this lemma can be obtained as a consequence from an interesting observation in [2], because
every nonzero V-module has a maximal submodule.
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Note that Lemma 11 is slightly a generalization of the well-known theorem obtained by Osofsky and Smith in [30] (see
also [9, 7.13] or [28, 6.44]), which states that a cyclic module C has finite uniform dimension if every cyclic subfactor of C
is CS.
Now we are ready to state our theorem and its consequences.
Theorem 12. Let M be a finitely generated right R-module. If every cyclic subfactor of M satisfies condition (℘), then M is a qfd
module.
Proof. 3 LetM = x1R+ · · ·+ xnR be a finitely generated module whose cyclic subfactors satisfy condition (℘), and assume,
without loss of generality, that none of the generators xi is removable from the generator list. We keep this generator set
{xi}ni=1 fixed, and prove by induction that every submodule of the form Mk =
k
i=1 xiR, 1 ≤ k ≤ n, has finite uniform
dimension. Hence, in particular,M has finite uniform dimension. We proceed with the proof in two steps below.
Step 1. Show that the cyclic submodule M1 = x1R has finite uniform dimension. To simplify the notation in the proof
below we set X = M1.
We remark that every cyclic subfactor of X is also a cyclic subfactor of M , since, by letting X/X ′ be a factor module of X
for some submodule X ′ ⊆ X , then X/X ′ can be considered as a submodule ofM/X ′. Therefore, condition (℘) is satisfied by
cyclic subfactors of X .
Let E ⊆ X be an essential submodule of X . Then X/E has no nonzero projective submodules. This implies that every cyclic
subfactor of X/E is either CS or has finite uniform dimension. By Lemma 11, X/E has finite uniform dimension. By [9, Lemma
5.14], X/Soc(X) has finite uniform dimension.
Now, to show that X itself has finite uniform dimension, we need to show that Soc(X) is finitely generated, or,
equivalently, that Soc(X) has finite composition length. For this purpose, we use a technique developed in [20]. Assume
on the contrary that Soc(X) is infinitely generated, i.e.,
Soc(X) =

i∈A
Si

⊕

i∈B
Si

,
where each Si is a simplemodule and the index sets A and B are infinite. By (℘), X/(

i∈A Si) = P⊕Q , where PR is projective
and QR is either CS or of finite uniform dimension. Hence, by a similar consideration of the cyclic module Q using condition
(℘) as for X , we see that Q/Soc(Q ) has finite uniform dimension. Thus in the case of Q being CS, Soc(Q ) has finite uniform
dimension, by Lemma 9. This implies that, in any case, QR has finite uniform dimension. But, as

i∈B Si is embedded in
X/(

i∈A Si), Soc(PR) is infinitely generated. Now, letting X1 be the inverse image of Q in X , then, as X/X1 ∼= P , we have
X = X1 ⊕ X2,
where each Soc(Xi) (i = 1, 2) is infinitely generated. In particular, X1 ≠ Soc(X1) and X2 ≠ Soc(X2). Therefore, the uniform
dimension of X/Soc(X) (∼= X1/Soc(X1)⊕ X2/Soc(X2)) is at least 2.
Using a similar consideration for the cyclic module Xi, we get Xi = Xi1 ⊕ Xi2, where each Soc(Xij), j = 1, 2, is infinitely
generated. We then obtain a decomposition
X = X11 ⊕ X12 ⊕ X21 ⊕ X22,
with Xij ≠ Soc(Xij). Since
X/Soc(X) ∼= [X11/Soc(X11)] ⊕ [X12/Soc(X12)] ⊕ [X21/Soc(X21)] ⊕ [X22/Soc(X22)],
the uniform dimension of X/Soc(X) is at least 4.
Continuing in this way, we can show that the uniform dimension of X/Soc(X) is greater than any given positive integer,
which is a contradiction. Hence Soc(X) must be finitely generated, or, equivalently, Soc(X) has finite composition length.
This implies that X has finite uniform dimension.
Step 2. Assume that, for an integer t with n > t ≥ 1, the submoduleMt =ti=1 xiR ofM has finite uniformdimension. For
Mt+1 =t+1i=1 xiR, we consider the cyclic factor moduleY = Mt+1/Mt , and see that every cyclic subfactor ofY is isomorphic
to a cyclic subfactor ofM , becauseY is a submodule ofM/Mt . Hence we can use the same arguments of step 1 forY to show
thatY has finite uniform dimension. Let K be a complement ofMt inMt+1; thenMt ⊕ K is essential inMt+1. Moreover, as K
is isomorphically embedded inY , K has finite uniform dimension. Thus Mt ⊕ K has finite uniform dimension, and so does
Mt+1. This completes our induction proof.
Finally, for any submodule N ⊆ M , we see that every cyclic subfactor ofM/N is also a cyclic subfactor ofM . Hence every
cyclic subfactor ofM/N satisfies condition (℘). Therefore, using the same arguments as forM , we obtain thatM/N has finite
uniform dimension, i.e.,M is a qfd module. The proof is complete. 
3 The referee provided a nontrivial example which shows that, in general, a finite sum of finitely generated modules of finite uniform dimension may
not have finite uniform dimension. In view of this, we revise our proof by inserting step 1 and step 2 to make things clear in the presence of condition (℘).
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The following corollaries are easy consequences of Theorem 12 and Lemma 10.
Corollary 13. Let R be a right WV-ring. If C is a cyclic right R-module such that every cyclic subfactor of C satisfies condition (℘),
then C is Noetherian. In addition, if R is a right V-ring, then C = Soc(C)⊕ D for some Noetherian submodule D ⊆ C.
Proof. If R is right WV but not right V, we use Theorem 4, Lemma 10, and Theorem 12 to conclude that C is Noetherian.
Now consider the case that R is a right V-ring. Then C is a V-module. Condition (℘) on C makes C to be a qfd module by
Theorem 12. Then, by Lemma 10, C is Noetherian. In this case, the socle of C is injective, and hence it is a direct summand
of C . 
Corollary 14. If R is a semiprime ring such that every cyclic right R-module satisfies condition (℘), then R = Soc(RR) ⊕ B for
some two-sided ideal B ⊆ R such that BB is a qfd module. Moreover, if R is a von Neumann regular ring such that every cyclic right
R-module satisfies condition (℘), then R is a semisimple Artinian ring.
Proof. Let R be a semiprime ring. Theorem 12 shows that RR has finite uniform dimension. As eachminimal right ideal of R is
generated by an idempotent, Soc(RR) splits in RR, i.e., R = Soc(RR)⊕B for some right ideal B ⊆ R. Since there are no nonzero
homomorphisms between Soc(RR) and BR, we see that B is a two-sided ideal of R. That BB is qfd follows from Theorem 12.
If R is a von Neumann regular ring such that every cyclic right R-module satisfies condition (℘), then RR has finite uniform
dimension. Hence R = Soc(R), as desired. 
We would like to mention that our investigation in this paper is motivated by [18]. Furthermore, it is worth noting that
Theorem 12 and Corollaries 13 and 14 significantly improve several results obtained in Section 3 of [18].
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